spent in studying its mechanical properties and structural behavior .1-4,6,7,9-12 Nevertheless, many aspects, such as fracture behavior, need much more detailed investigation.
A complicating feature in the fracture analysis of brittle heterogeneous materials such as concrete is nonlinear behavior. This is due to the fact that the fracture process is not concentrated at a point, the crack-tip, but is distributed over a zone whose size is not negligible when compared to the dimensions of the body. The existence of the large fracture process zone is manifested in the size effect exhibited by concrete specimens and structures, which is considerable but not as strong as in linear elastic fracture mechanics (LEFM). The conditions for which LEFM is applicable to concrete are attained only for extremely large test specimens, testing of which would be very costly. However, material fracture properties which are unambiguous and, especially, size-and shape-independent, can be defined only on the basis of a very large specimen or, more precisely, by means of extrapolation to a specimen of infinite size.
The simplest method to obtain size-independent material fracture properties is perhaps provided by extrapolating to infinite size on the basis of the size-effect law proposed in References 13 and 14 (see also Reference 15). This law approximately describes the transition from the strength criterion, for which there is no size effect, to LEFM criterion, for which the size effect is the strongest possible. This law has been shown to agree well with concrete fracture tests in Mode 1,16 as well as Mode 1117 and Mode III. 18, 19 A good agreement was also demonstrated for certain ceramics,20 rocks,21,22 and aluminum alloys. 23 An important advantage of the size-effect method is its simplicity. The method requires only the maximum load values of geometrically similar specimens that are sufficiently different in size. Such measurements can be carried out even with the most rudimentary equipment. Neither the post-peak softening response nor the true crack length need to be determined. Another advantage of the size-effect method is that it yields not only the fracture energy (or fracture toughness) of the material, but also the effective length of the fracture process zone, from which one can further obtain the R-curve and the critical effective crack-tip opening displacement. Determination of the fracture process zone size is of particular interest for high-strength concrete because (for a variety of reasons) such concrete is suspected to be more brittle and, therefore, to have a smaller fracture process zone than normal strength concrete.
In view of the aforementioned reasons, the size-effect method has been adopted to present experimental investigation of high-strength concrete. The objectives will be to obtain the fracture energy and the process zone size. The third objective will be to investigate whether the R-curves derived solely from maximum load data yield load-displacement curves that agree sufficiently well with measurements.
REVIEW OF THE SIZE·EFFECT LAW AND ITS IMPLICATIONS Size effect
Structures and test specimens of brittle heterogeneous materials, such as concrete, rock, and ceramics, exhibit a pronounced size effect on their failure loads. This phenomenon, which is an important consequence of fracture mechanics, has been described by the sizeeffect law proposed by References 13 and 14 (1) which applies to geometrically similar structures (or specimens) of different sizes: aN = cnPJbd = nominal stress at maximum load P u (ultimate load), b = thickness of the structure or specimen identical for all sizes ACI Materials Journal I November·December 1990
(two-dimensional similarity), d = size or characteristic dimension of the structure (or specimen), C n = coefficient introduced for convenience, B and do = parameters determined experimentally,lu is a measure of material strength, and (3 is called the brittleness number. Eq. (1) also applies to structures that are similar in three dimensions by taking aN = c n PJd 2 • In this paper, only two-dimensional similarity is considered.
Plastic limit analysis, as well as any analysis with failure criteria in terms of stresses and strains, exhibits no size effect, that is, aN is independent of size if the structures are geometrically similar. According to Eq. (1) , this behavior is obtained for very small bodies of concrete, (3 < < 1. The application of fracture mechanics theory, however, results in aN being strongly size dependent. This is easily seen 24 from the LEFM relations for energy release rate G, and stress intensity factor K J G P 1 (0'.) bJd (2) where P = applied load, 1(0'.) is a geometry-dependent function of relative crack length 0' . = old, a = crack with respect to 0'.), which applies to most situations, LEFM indicates that the maximum load occurs at infinitesimal crack extensions. Therefore, 0' . at maximum load is practically the same for bodies of different sizes.
Setting G = G f (fracture energy) or K J = KJc (fracture toughness or critical stress intensity factor) along with P = P u , Eq. (2) according to LEFM yields the dependence of aN on size, which is aN = constant! Jd. As is well known, LEFM criteria govern only the fracture behavior of very large concrete structures.
In common-size concrete structures and specimens, the fracture process zone that forms in front of a propagating crack affects the behavior significantly. With increasing load, this zone grows in size while remaining attached to the notch tip [provided that the specimen geometry is such that g' (0'.) > 0]. The process zone shields the propagating crack tip, and thereby increases the fracture resistance. The nonlinear fracture regime, where the influence of the process zone is dominant, lies between behavior governed by limit analyis and LEFM. As a result, there is a considerable size effect on the failure of normal concrete structures and specimens, but it is not as strong as that of LEFM. This transitional size effect is described by Eq. (1) .
The size-effect law [Eq. (1»), giving the approximate relation of aN to (3 (the brittleness number), is plotted in Fig. 1 . For large (3, and there is no size effect. For 0.1 < {3 < 10, the size effect is transitional between LEFM and plastic limit analysis. In this range, nonlinear fracture mechanics must be employed. 16 . 24
Fracture parameters
Nonlinear fracture can be characterized by two material parameters, the fracture energy G f , and the effec- For the effective length of the fracture process zone, the following expression has been derived in Reference 21 (4)
The ratio of c f to the true length of the process zone in 610 concrete depends on the shape of the softening stressdisplacement or stress-strain relations. For concrete, the rati0 20 seems to be about 2. However, the actual length of the process zone need not be known for the calculations. Also, for an infinitely large specimen, the fracture toughness K lc can be obtained as (5) The practical applicability of Eq. (3) [or Eq. (5)] has been verified in Reference 16 through tests of normal concrete which showed that the three-point bend specimens, the double-notched tension specimens, and the eccentric compression specimens yield about the same value of G f . In this study we assume the same to be true of high-strength concrete.
Due to the approximate nature of Eq. (1), the infinite size used in the definitions of G f , c r ' and Klc must not be interpreted literally. In practice, the infinite size should be assumed as a size just beyond the upper bound of the range for which the size-effect law has been calibrated by tests or otherwise. 24 Using the relationships (1), the size-effect law can be reformulated in terms of the material fracture
Alternatively, Eq. (6) can be put in a form convenient for the analysis of specimens which are not geometrically similar 21 (7) where TN = .Jg'(a o ) Pjbd;a = dg(ao)/g'(a o ); TN = intrinsic (shape-independent) nominal stress at failure; anda = intrinsic (shape-independent) size of the structure.
The brittleness number {3 [see Eq. (l)] proposed by Bazant can also be expressed as 21 ,24
This number is capable of characterizing the type of failure (brittle or ductile) regardless of structure geometry. 16 It can quantify the proximity of the behavior of a structure to LEFM and therefore is a convenient and effective measure of the brittleness of a structure or specimen. It is also useful for comparing the behavior of specimens of different materials (with different compositions and strengths) such as high-strength and regular concretes. Other brittleness numbers defined for concrete by Hillerborg 27 and Carpinteri 28 , 29 can compare only structures of similar geometry.
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The size-effect law in the form of Eq. (1), (6) , or (7) has the advantage that its parameters B and do, or G f and c f ' can be determined from the measured peak loads P u by linear regression.
IJ ,14 Eq. (1), applicable to geometrically similar specimens of different sizes, can be algebraically transformed to a linear plot
The size range of the specimens used in the regression analysis must be sufficiently large in relation to the random scatter of material properties and test measurements. For the typical scatter of concrete, the minimum size range recommended is 1 :4. The size-effect method can also be used to determine fracture properties other than those already defined. Considering the infinitely large specimen again, material parameters such as the effective (elastically equivalent) crack-tip opening displacement at the peak load, oef' can be related to c f and K lc using LEFM relations 22 (11)
The value of oef pertains to the effective opening when the stress at the notch (or initial crack) tip is just reduced to zero, and the fracture process zone is about to detach and advance away from this tip.
The size of the fracture process zone can also be characterized by the length parameter (12) first used by Irwin 30 for the size of the yielding zone in ductile fracture. For concrete, this length parameter was introduced by Hillerborg, Modeer, and Petersson. 31 The parameter Co is a size-independent measure of the intensity of the toughening or crack-tip shielding mechanisms. It can be used to compare the brittleness of one material with another. A material with a rei ati vely low Co would be more brittle than a material with a higher Co.
R-curves
Another important consequence of the fracture process zone is the fracture resistance curve or R-curve. Since the fracture process zone evolves as it propagates, the resistance R(c) to fracture growth, representing energy dissipated per unit length and width of fracture extension, gradually increases. The function R(c), called the R-curve, was initially proposed to be used as a material property,n,33 independent of the shape of the ACI Materials Journal I November-December 1990 specimen or structure. It was, however, shown 34 ,35 that the R-curves for concrete strongly depend on the specimen geometry. A general derivation of the R-curve equations from the size-effect law as presented in Reference 21 yields the expression R(c) (13) in which r is given by (14) The foregoing relations [Eq. (13) and (14)] are valid as long as the fracture process zone remains attached to the tip of the initial crack or notch. This ceases to be true after the peak load. 22 Since the fracture process zone in the post-peak regime is detached from the tip (separated from the initial tip by a traction-free crack) and is advancing ahead with approximately constant size, it dissipates roughly the same amount of energy per unit crack extension. Consequently, the critical value of G after the peak load must be kept constant and equal to the values of R reached at the peak load. The effective R-curves given by Eq. (13) and (14) are size-independent until the peak load but deviate afterwards into size-dependent horizontal branches. The size-dependence of R-curves in the post-peak regime has been previously observed for concrete 36 and other materials. 22 ,23,37 These effective R-curves tend to move toward complete coincidence with the actual R-curve as the size increasesY
EXPERIMENTAL INVESTIGATION

Test details
High-strength concrete used in the construction industry varies widely in composition and strength. Even the demarcation between high and normal strength concretes is subjective and appears to be continually rising.
2 ,g To study typical high-strength concrete used in the industry, this investigation was conducted on material obtained directly from a batch mixed for the construction of a high-rise building in downtown Chicago.
The concrete mix was designed to exceed a 28-day compressive strength of 83 MPa (12,000 psi). Cement of much higher quality than standard (ASTM C 150) portland cement was selected. Silica fume (micro silica) and fly ash were used as mineral admixtures. The maximum aggregate size d a in the mix was 9.5 mm (3/8 in.). The details of the mix composition are given in Table  1 Along with the fracture specimens, three 152 x 304 mm (6 x 12 in.) cylinders and three 102 x 204 mm (4 x 8 in.) cylinders were cast. These cylinders were capped with a sulfur compound and cured in a fog room. Beam specimens of four different sizes, three in each size, were cast from the same batch of concrete. All specimens were compacted by rodding and stored in the molds for 24 hr. They were then demoldedand cured under water until the tests. The specimens (Fig. 2 and  3 ) were 38 mm (1.5 in.) thick and 305, 152,76, and 38 mm (12, 6, 3, and 1.5 in.) deep. Their lengths were 8/3 times their depths and their spans 2.5 times the depths. Before testing, a notch 2 mm (0.08 in.) wide was cut at the midspan of each beam using a diamond band saw. The three-point bending test was used due to the relatively simple test setup and the impossibility of crack bifurcation. 21 The peak loads of the largest specimens were measured by loading them under stroke control in a 534 kN (120 kip) load frame with an MTS control system. The other specimens were tested in a smaller load frame of 89 kN (20 kip) capacity, with a load cell operating in the 8.9 kN (2000 lb) range, and crackmouth opening displacement (CMOD) control with an MTS closed-loop control system was used. A linear variable differential transformer (L VDT) with a range of 0.25 mm (0.01 in.) was mounted across the notch of each beam to monitor the CMOD. The measured CMOD was used as feedback to control the tests at a constant CMOD rate. This type of loading stabilized crack propagation even after the peak load and thus made it possible to obtain complete load-deflection curves for the specimens. The load-point displacements were measured between the tension faces of the beams and the cross-head of the loading ram with a 1.27 mm (0.05 in.) range L VDT. The load-displacement and load-CMOD curves were continuously recorded for each beam. The test setup is shown in Fig 4 and 5 . All 
Fig. 6 -Typical load-displacement curves for different sizes
the beams were tested 14 days after casting and with CMOD rates such that they reached their peak loads in about 10 min. Typical curves for different specimen sizes are shown in Fig. 6 and 7, and the raw data are given in Table 2 .
The test results from the largest beams were, however, excluded from the following analysis because their load values were inconsistent with the trend of the other tests. In retrospect, this inconsistency may be due to the difference in control parameters used for testing and in machine characteristics. Under stroke control, which was used only for the largest beams, it was not possible to obtain a stable response at the peak load. The instability of crack propagation may have caused a high crack propagation rate near the peak load. This might explain why the peak loads of these specimens were higher than expected.
The modulus of rupture of the material was used as the measure of its strength. Four specimens, each with a depth of 51 mm (2 in.) and a span of 152 mm (6 in.), were cut from two of the 152 mm (6 in.) deep fracture specimens that had already been tested. These unnotched beams were tested to failure in three-point bending under stroke control in the 89 kN (20 kip) load frame. From the peak loads the modulus of rupture of each specimen was calculated. The average valuefu was found to be 11.0 MPa (1600 psi), with a standard deviation of 5 percent. Carrasquillo, Nilson, and Slate 7 proposed an empirical formula for the modulus of rupture of high-strength concrete: f, = 0.94vJ:'(stresses in MPa). Using the value of f:14 in their relation, f, was obtained as 8.7 MPa (1260 psi). The difference in the values of fu and f, may partly be due to errors in the predictions of the formula (known to be up to 15 percent) but it might also be due to the significant size effect which is known to exist in flexural tests on plain concrete beams. 14,38
As noted previously by several researchers,7,9,10,39 cracks in high-strength concrete were seen to propagate through the coarse aggregates. This is an important difference from normal strength concrete, in which cracks (in the vicinity of gravel particles) propagate ACI Materials Journal I November-December 1990 -,------___r__------,----I-~~ ----,---~--,--------- NM mainly along the aggregate-mortar interfaces. The reduced crack deflection by the aggregates is due to the strong aggregate-mortar bond and the fact that the strength of the matrix approaches that of the aggregates. Obviously, this near-homogeneous behavior decreases the width of the process zone as well as the shielding effect of the aggregates.
Analysis
Linear regression analysis (Fig. 8) , using Eq. (9) and (10) It is now important to observe that the data points of the high-strength concrete beams lie closer to the LEFM criterion than those of usual concrete. This indicates that the same specimen made of high-strength concrete behaves in a more brittle manner than that made of regular concrete. Yet the behavior of the present specimens cannot be described by LEFM. For LEFM relations to apply with errors less than 2 percent, the brittleness number {3 would have to be greater than 25, i.e., the beam depth would have to exceed 334 mm (13 in.). For the specimen geometry used, the functionj{a) = 11); oef = 4.11 X 10-3 mm (1.60 x 10-4 in.). For comparison, it is interesting to consider the results of similar tests on normal strength concrete with d a = 13 mm (0.5 in.). The relative proportions of cement : sand: gravel: water, by weight, were 1 : 2 : 2 : 0.6. The specimens and loading setup were identical to the present ones except that the notch lengths were onesixth of the beam depth. The curing conditions were the same as those of the high-strength specimens. The tests were conducted 28 days after casting and, therefore, the parameters corresponding to 14 days had to be estimated to this effect, and the following relations were This implies that the size of the process zone must be smaller in high-strength concrete than in regular concrete, and the crack-tip shielding by the fracture-process zone must be weaker. Consequently, the same structure made of high-strength concrete is more brittle than that made of regular concrete. The brittleness number of any structure is more than doubled, since it is inversely proportional to the value of c f .
Conventional fracture analysis of the type applied to metals, based only on K lc or G f , would yield the misleading conclusion that the ductility of concrete increases with strength, e.g., see De Larrard, Boulay Fig. 11 . It is obvious that the fracture toughness obtained by the RILEM method is strongly size-dependent and prone to considerable scattering. It also appears that for very large sizes, the values of Kw tend toward Kin i.e., the fracture toughness from the sizeeffect law. A similar result could be shown in terms of the fracture energy.
PREDICTION OF STRUCTURAL RESPONSE
FROM R·CURVES An effective, simple, and reasonably accurate method of predicting the load-deflection curves is to identify the size-effect law from the maximum load data, determine from it the geometry-dependent Rcurve, and then utilize the R-curve along with LEFM relations. 22 This method is now used to predict the loaddeflection curves of the high-strength concrete beams. The predictions are then compared with the measured load-deflection curves.
The derivation of the equations used in the method is briefly outlined for convenience. Let 
) da' (15) According to Castigliano's second theorem
At the same time, for (14) and (15)], but after the peak load, as mentioned earlier, the R-curve, as well as KIR(C), is constant. To obtain the total deflections, the elastic deflections U b and u, due to bending and shear must also be calculated. Assuming plane stress conditions and adopting the bending theory, the load-point displacement U o of the beam without crack is
where L is the span of the specimen, and U b and Us are the contributions of bending and shear, respectively. The weight of the beam is approximately taken into account in the calculations by replacing it with a concentrated midspan load which produces an equivalent midspan moment. modulus, in each case, was taken as that corresponding to the initial compliance of the specimen, and the Poisson's ratio was assumed to be 0.20. It can be seen that the R-curve method predicts the specimen response quite well. The R-curve derived from the size-effect law is thus shown to be a useful tool for modeling structural behavior with ease and simplicity.
616 CONCLUSIONS 1. The size-effect method provides reliable fracture properties for high-strength concrete with a very simple experimental setup. These properties, namely, the fracture energy (or fracture toughness) and the effective length of the fracture process zone (as well as the effective critical crack-tip opening displacement derived from them) are size-independent and, therefore, true material properties.
2. As the strength increases, the fracture energy and the fracture toughness of concrete also increase, although much less than the strength. The effective size of the fracture process zone, however, diminishes. This results in decreased crack-tip shielding and, consequently, increase in the brittleness of specimen or structure. Increasing the compressive strength by 160 percent causes the brittleness number to more than double. This property can be disadvantageous and needs to be addressed in design.
3. Despite the aforementioned increase in brittleness, the behavior of contemporary high-strength concrete, in the normal size range, is still governed by nonlinear fracture mechanics rather than linear elastic fracture mechanics.
4. The R-curves derived according to the size-effect law solely from maximum loads can be utilized to provide reasonably accurate predictions of the load-deflection curves of concrete structures, even in the post-peak regime. The procedure requires only: (a) knowledge of the linear elastic fracture mechanics relations for the geometry of the structure and (b) the values of two basic material fracture parameters obtained from maximum loads through the size-effect method.
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NOTATION
effective crack length specimen thickness elastically equivalent crack growth effective length of fracture-process zone coefficient for convenience (here, equal to 1) characteristic speciman dimension (here, specimen depth) maximum aggregate size parameter determined experimentally 28-day compressive strength 14-day compressive strength some measure of material strength function dependent on specimen shape derivative of g (a) with respect to a parameter related to the size of the process zone slope of linear regression plot parameter determined experimentally intercept of linear regression plot IX Young's modulus E for plane stress, E/(1 strain energy release rate fracture energy stress intensity factor fracture toughness maximum or peak load relati ve crack length V 2) for plane strain initial relative crack or notch length brittleness number effective critical crack-tip opening Poisson's ratio nominal stress at maximum load
